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Abstract. We investigate current-driven domain wall (DW) propagation in magnetic nanowires in the
framework of the modified Landau-Lifshitz-Gilbert equation with both adiabatic and nonadiabatic spin
torque (AST and NAST) terms. By employing a simple analytical model, we can demonstrate the essential
physics that any small current density can drive the DW motion along a uniaxial anisotropy nanowire
even in absence of NAST, while a critical current density threshold is required due to intrinsic anisotropy
pinning in a biaxial nanowire without NAST. The DW motion along the uniaxial wire corresponds to the
asymptotical DW oscillation solution under high field/current in the biaxial wire case. The current-driven
DW velocity weakly depends on the NAST parameter β in a uniaxial wire and it is similar to the β = α
case (α: damping) in the biaxial wire. Apart from that, we discuss the rigid DW motion from both the
energy and angular momentum viewpoints and point out some physical relations in between. We also
propose an experimental scheme to measure the spin current polarization by combining both field- and
current-driven DW motion in a usual flat (biaxial) nanowire.
1 Introduction
The domain wall (DW) motion in magnetic nanowires has
recently attracted much attention in the field of nanomag-
netism [1] due to the enormous potential industrial ap-
plications [2,3], such as magnetic memory bits and logic
devices. Besides the field-driven DW motion [4–11], the
current-induced magnetization reversal in both magnetic
multilayers and nanowires through the spin torque (ST)
transfer mechanism [12–14] has been massively studied,
chiefly under the aspect of low power consumption and
locality of electric currents. Moreover, a large number of
theoretical [15–17] and experimental studies [18–22] were
devoted to the current-driven DW motion. Here one dis-
tinguishes between the adiabatic spin torque (AST) which
originates from the polarization of itinerant electrons adi-
abatically following the magnetization direction, and the
nonadiabatic spin torque (NAST, often referred as a β-
term or b-term) due to the mismatch of the current po-
larization and magnetic moments. For a flat magnetic
nanowire exhibiting biaxial magnetic anisotropy, only the
NAST can drive sustained DW motion at any small cur-
rent density. Without NAST term, high critical current
density has to be required for overcoming the intrinsic
pinning from the hard-axis anisotropy, which hampers
potential applications [1,15–17].
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Experimental studies so far have actually been done
on flat (biaxial) magnetic nanowires rather than such
as cylindrical nanowires realizing the uniaxial anisotropy.
This is mainly due to difficulties to fabricate cylindrical
metallic wires by conventional lithography however there
are techniques available to grow them via electrodeposi-
tion [23]. Recently no Walker breakdown was predicted
for sufficiently large currents in the cylindrical wire based
on a micromagnetic simulation [24]. In reference [17] it is
implied that the threshold current density in a uniaxial
wire vanishes due to the absence of hard-axis anisotropy
based on a self-contained microscopic theory. In this pa-
per, starting from a simple quasi-one-dimensional (1D) an-
alytical analysis of the modified Landau-Lifshitz-Gilbert
(LLG) equation, we compare the DW motion solutions in
both biaxial and uniaxial nanowires. We found that, due
to the small damping in usual magnetic materials, DW
in a uniaxial wire moves weakly depending on the NAST
parameter, β, and it can move even at β = 0 (without
NAST term) at any small current density. The reason is
that DW motion along a uniaxial nanowire corresponds
to the asymptotical solution of the DW oscillation regime
under a high field/current in a biaxial nanowire case. Any
small current can drive DW to move due to the absence of
the intrinsic anisotropy pinning in the uniaxial wire. Fur-
thermore, we discuss rigid DW motion from the energy
and angular momentum viewpoints and point out some
physical relations in between. At last, we also propose an
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experimental scheme to measure the spin current polar-
ization by combining both field and current driven DW
motion in a usual flat nanowire.
2 Model description
A magnetic nanowire can be described as an effectively
1D continuum of magnetic moments along the wire axis
direction. Magnetic domains are formed due to the com-
petition between the anisotropic magnetic energy and
the exchange interaction among adjacent magnetic mo-
ments. Without loss of generality, we shall consider a
head-to-head DW structure, assuming the easy-axis be-
ing along the wire (z-) axis. Figure 1 schematically shows
a magnetic nanowire and corresponding coordinate vari-
ables. A biaxial-anisotropy energy density can be formu-
lated in terms of the magnetization vector M as εK =
−KM2z + K⊥M2x where K and K⊥ describe the easy-
and hard-axis anisotropy, pointing along the z-axis and
x-axis, respectively. The case K⊥ = 0 describes a uniaxial
anisotropy along the wire axis. The above energy density
is given in units of μ0M2s , where μ0 is the vacuum perme-
ability, and Ms = |M| such that the local magnetization
M enters here as a unit vector, m = M/Ms.
If a current flows through the nanowire, the spatio-
temporal magnetization dynamics is governed by the so-
called modified LLG equation with additional AST and
NAST terms [16,17],
∂m
∂t
= −|γ|m×Ht+αm×∂m
∂t
−(u·∇)m+βm×[(u·∇)m],
(1)
where γ, α, and β are the gyromagnetic ratio, the Gilbert
damping coefficient, and a dimensionless coefficient de-
scribing the NAST strength, respectively. β is usually of
the same order as the small damping in ferromagnetic met-
als [25–27]. Ht is an effective magnetic field acting on the
local moments, and the velocity u points along the flow
direction of the itinerant electrons which is usually the
wire axis although perpendicular current injection has also
been investigated recently [28,29]. Thus, ∇ = ∂/∂z in 1D,
and u = |u| = gμBJP/(2eMs) where e, g, μB are the elec-
tron charge, g-factor and Bohr magneton, respectively. J
and P are the density and spin polarization of the current,
respectively.
The (normalized) effective field ht ≡ Ht/Ms is given
by the variational derivative of the total energy density
(per unit section-area) E =
∫∞
−∞ dz ε(z) with respect
to magnetization, ht = −δE/δm(z). The local energy
density is given by [11]
ε(z) =−Km2z + K⊥m2x + A
[(
∂θ
∂z
)2
+ sin2 θ
(
∂φ
∂z
)2]
−m · h, (2)
where A describes the exchange interaction, and h
is the normalized external field. Moreover, we have
adopted the usual spherical coordinates (see Fig. 1),
m
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Fig. 1. A schematic magnetic nanowire and corresponding
coordinates.
m(z, t) = (sin θ cosφ, sin θ sinφ, cos θ) where the polar an-
gle θ(z, t) and the azimuthal angle φ(z, t) depend on local
position and time.
Following reference [7–11], we will focus on the DW
structures fulfilling ∂φ/∂z = ∂2φ/∂z2 = 0, i.e. all the
magnetic moments synchronously rotate around the easy-
axis in space. Then the dynamical LLG equations take the
form
θ˙ + α sin θφ˙ = K⊥ sin θ sin 2φ + hφ − u∂θ
∂z
,
αθ˙ − sin θφ˙ = 2A∂
2θ
∂z2
−K sin 2θ −K⊥ sin 2θ cos2 φ
+ hθ − βu∂θ
∂z
. (3)
Here we have introduced a dimensionless time via t →
t|γ|Ms. hi(i = r, θ, φ) are the components of the external
field in spherical coordinates.
3 Results
The linear DW motion under field or ST in a biaxial wire
has already been discussed in the literature [7,8,16,17,30].
Let us first review the case of a flat wire with biaxial
anisotropy. Following the pioneering work by Schryer and
Walker [7,8] we first concentrate on solutions fulfilling
φ(z, t) ≡ φ0 = const. This assumption implies all the
magnetic moments move in a plane which intersects the
wire plane with an angle of (π/2 − φ0) (see Fig. 1) and
is valid at sufficiently low field below the Walker break-
down limit [7,8]. Substituting a traveling-wave ansatz,
tan (θ/2) = exp [(z − vt)/Δ], into equations (3), we ob-
tain
(1 + α2)v = αΔh−K⊥Δ sin 2φ0 + (1 + αβ)u ,
αK⊥Δ sin 2φ0 + Δh− (α− β)u = 0,
where Δ ≡ √A/(K + K⊥ cos2 φ0) is the DW width de-
pending on φ0, and the external field with a magnitude h
along the z-axis is assumed (hθ = −h sin θ, hφ = 0). Thus,
the constant plane angle φ0 and the DW velocity satisfy
sin 2φ0 =
(α− β)u
αK⊥Δ
− h
αK⊥
, v =
Δh
α
+
βu
α
. (4)
This solution just recovers the Schryer-Walker result [7,8]
in the presence of ST. For |(α−β)u/Δ−h| > αK⊥ the sine
in equation (4) becomes larger than unity, and the solution
breaks down. Thus, the Walker breakdown field can be
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formulated as Hw = αK⊥ and the corresponding Walker
breakdown current density Jw = (2eMs/gμBP )αK⊥Δ|α−β| . In
the absence of NAST (β = 0), Jw ∝ K⊥Δ, which is
in agreement with the microscopic calculation in refer-
ence [17]. In this rigid DW motion regime, β = 0 induces
zero DW velocity, i.e. NAST is necessary for sustained
DW motion under any small current density in the biax-
ial nanowire case [16,17].
When the field and/or current is higher than the
Walker breakdown limit, the DW velocity can oscillate
along the biaxial nanowire. According to reference [16,30],
a good approximation solution for the averaged DW ve-
locity v¯ in the oscillation regime can be formulated as:
v¯ =
Δh
α
+
βu
α
± Δ
α
√
[(α− β)u/Δ− h]2 −H2w
1 + α2
, (5)
where +/− sign corresponds to the α ≥ β and α < β
case, respectively. If u, h  Hw(= αK⊥), or in other
way Hw = 0 (i.e. K⊥ = 0 for the uniaxial wire) equa-
tion (5) will explicitly reduce to the equations in the uni-
axial nanowire (see Eq. (6) below). Thus, the DW motion
along the uniaxial wire corresponds to the asymptotical
solution of the DW oscillation regime in the biaxial case.
The velocity versus current curves at different β can be
seen in Figure 3 of reference [16].
We also note, equation (4) provides the following
scheme to experimentally determine the spin polariza-
tion of the current from combining measurements of field-
driven and current-driven DW motion: first perform DW
velocity measurements using field and current separately,
and obtain the quantities Δmax/α ≡ C1 and βP/α ≡ C2.
Here Δmax =
√
A/K is the maximum DW width and
C1 can be obtained by extrapolating the data to h → 0
where φ0 = −π/2. Then apply a fixed field such that the
Walker breakdown limit is reached and the DW width
reaches its minimum, Δmin =
√
A/(K + K⊥/2) where
φ0 = −π/4. By injecting a spin-polarized current and
subsequently changing the current density and meanwhile
monitoring the increase of DW width one can reach the sit-
uation (α− β)u = Δh implying sin 2φ0 = 0 or φ0 = −π/2
and again Δ = Δmax. (If β > α one may reverse the
current direction.) Now using (α − β)P/Δmax ≡ C3 one
can infer the current polarization P = C1C3 + C2 and
β/α = C2/(C1C3 + C2). A large anisotropy i.e. K⊥  K
and the resolution for observing the DW width variation
are the key points for this scheme.
Now we look at the DW motion in a uniaxial (cylindri-
cal) wire (K⊥ = 0). Although in reference [17] the authors
have already implied that the threshold current density in
a uniaxial wire vanishes in the absence of NAST, their
calculations were complicated based on a self-contained
microscopic model. Here we will show our simple model
can also demonstrate this essential physical formulation.
Using again the travelling-wave ansatz [11]: tan (θ/2) =
exp [(z − vt)/Δ] where now Δ = √A/K, and also for a
static field h applied along the z-axis, one can straight-
forwardly obtain the following expressions for the velocity
and precession frequency from equation (3),
v =
αΔh
1 + α2
+
(1 + αβ)u
1 + α2
, φ˙ =
h
1 + α2
− (α− β)u
(1 + α2)Δ
. (6)
From equation (6), due to the small damping α, DW ve-
locity weakly depends on the NAST parameter, β. v ≈ u
at β = 0 which is similar to the β = α case in the biax-
ial nanowire provided no external field is applied. As we
mentioned earlier, DW motion along a uniaxial nanowire
can be deduced from the oscillated DW solution under
high field/current regime in the biaxial nanowire. No in-
trinsic pinning from the hard-axis anisotropy occurs in
the uniaxial case. Hence, sustained DW motion is possi-
ble at any small current density even in the absence of
NAST. In contrast, in the biaxial case, a critical current
density is necessary to overcome the intrinsic pinning at
β = 0 [1,16,17]. Moreover, equation (6) also shows that,
at small damping, the velocity of a current-driven DW
is essentially proportional to u while in the field-driven
case we have v ≈ αΔh and the DW motion is suppressed.
Thus, in a uniaxial nanowire, a current is more efficient
for driving a DW than an external field. Furthermore, the
precessional frequency also occurs in the recently stud-
ied DW-driven electromotive force Vemf = ±φ˙/e [31,32],
which should also motivate future experiments in a uniax-
ial nanowire. The current polarization in a cylindrical wire
can also be easily determined experimentally by measur-
ing the current-driven DW velocity [24]. Besides, we would
like to remark that, in general, a rigid DW solution with
a form θ(z, t) = f(z − vt), φ(t) = ωt, where f is a general
functional expression and ω is a constant, can not exist in
the uniaxial wire with arbitrary anisotropy. Thus, a spa-
tial dependence of φ such as φ(z, t) = ωt + g(z − vt) is a
more appropriate ansatz for the analytical study.
An important issue regarding technical applications of
nanomagnetic phenomena is energy and its dissipation. In
general, the change rate of total magnetic energy (from
anisotropy, exchange interaction and external magnetic
field) can be expressed as
dE
dt
= −
∫ ∞
−∞
dz
∂m
∂t
·
[
α
∂m
∂t
+ um× ∂m
∂z
+ βu
∂m
∂z
]
≡ Pα + PAST + PNAST . (7)
Here for the rigid DW motion,
Pα = −2αΔ(φ˙2 + v2/Δ2),
PAST = −2uφ˙,
PNAST = 2βuv/Δ, (8)
are the total dissipation power due to the damping, the en-
ergy pumping rates done by AST and NAST, respectively.
Note that the DW width Δ follows different expressions
in the biaxial and uniaxial case, and v and φ˙ are given by
equations (4) and (6), respectively. Remarkably, the AST
does not contribute to any change in energy for a biaxial
wire (φ˙ = 0) below the Walker breakdown limit. More-
over, it is straightforward to verify that in both cases it
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holds dE/dt = −2hv which is just the released Zeeman
energy per time of a rigid DW traveling with the veloc-
ity v under the external field h [9,10]. Thus, the relation
dE/dt = −2hv can also be used as a definition of the DW
velocity from an energetic point of view. In particular, a
moving DW driven purely by current (zero magnetic field)
conserves its magnetic energy.
Let us now also discuss the dynamics of angular mo-
mentum L =
∫
dz m(z, t) (per section-area and in units of
−μ0Ms/|γ|) due to spin-transfer mechanism. The angular
momentum change due to the rigid DW motion is
dL
dt
= πφ˙Δeˆφ + 2vzˆ, (9)
where zˆ is the unit vector along the wire axis and eˆφ is
the unit vector in spherical coordinates along the latitude
direction. On the other hand, the LLG equation (1) gives
dL
dt
=
∫ ∞
−∞
dz
[
ht × ∂m
∂t
+ αm× ∂m
∂t
− u∂m
∂z
−βum× ∂m
∂z
]
≡ Γpre + Γα + ΓAST + ΓNAST. (10)
For our uniaxial wire,
Γpre = πhΔeˆφ,
Γα = −παveˆφ + 2αφ˙Δzˆ,
ΓAST = 2uzˆ,
ΓNAST = πβueˆφ, (11)
are the torques due to the total effective field, the damp-
ing effect, and the AST and NAST, respectively. Hence,
the AST pumps longitudinal spins to the wire to push the
DW propagating while the NAST and external field pro-
vide the transverse torques forcing DW precession around
the wire axis. Furthermore, the damping torque Γα due
to the DW precession (φ˙) provides an extra longitudinal
torque and that due to the propagation (v) results in an
effective transverse force. These two reciprocal damping
effects are reminiscent of Barnett effect and Einstein-de
Haas effect, respectively [33–36]. In the present case, both
effects originate from nonzero damping α 
= 0. Moreover,
two of us have recently studied DW motion driven by a
circularly polarized microwave, which also embodies the
Barnett effect [37]. We also note that equation (6) can be
equivalently expressed as
v = u + αφ˙Δ, φ˙ = h +
βu
Δ
− αv
Δ
, (12)
which shows explicitly that the DW precession contributes
to its velocity as αφ˙Δ, and the DW translation contributes
to the precession as −αv/Δ. The above considerations re-
fer to a uniaxial wire. In the biaxial nanowire case, how-
ever, Γpre acquires an additional term from the transverse
anisotropy
Γbipre = πhΔeˆφ − 2K⊥Δ sin 2φzˆ, (13)
and the DW precession can be absent under low
field/current. As a result, the effect of AST is canceled
and only NAST affects the DW velocity.
4 Discussion and conclusion
Before ending the paper, we would like to estimate
the magnitude of DW velocity for a permalloy uni-
axial or biaxial nanowire. Using permalloy parameters
Ms = 800 kA/m, Δ = 20 nm, α = 0.02, β =
0.04, P = 0.4 [4–6,16], for a uniaxial wire, v (m/s) ≈
0.7H (100 Oe)+2.9J (107 A/cm2), φ˙ (GHz) ≈ 1.76H
(100 Oe)+0.003J (107 A/cm2) and for a flat wire, v (m/s)
≈ 1760H (100 Oe)+5.8J (107 A/cm2) below the Walker
limit. Thus the current-driven DW velocity has the same
order in both types of wires. The field-driven azimuthal
precessional frequency in a uniaxial wire is in GHz regime
while current-driven precessional frequency is in MHz
regime.
Among above discussions, the spin pumping effect
on the DW motion can be neglected. According to ref-
erence [38], the DW-motion generated electric current
density in both types of wires is less than 〈jz〉 =

eL (σ↑ − σ↓) vΔ , where L is the length of the nanowire, σ↑
and σ↓ denote the conductivities of majority and minority
electrons. In the experiments of Beach et al. [19], L ∼ 40
μm, Δ ∼ 20 nm, and DW velocity v ∼ 40−100 m/s.
For a typical conductivity σ↑ ∼ 106 Ω−1 m−1, one can
find the pumped electric current density no more than
〈jz〉 ∼ 105−106 A/m2, which is much smaller than the
typically applied current of the order of 1010−1012 A/m2
in experiments [19].
In summary, we have demonstrated, in the framework
of the modified LLG equation, the DW motion in a uniax-
ial (cylindrical) nanowire corresponds to the asymptotical
oscillated solution under high field/current in a biaxial
(flat) nanowire. The current-driven DW velocity in the
uniaxial case weakly depends on the nonadiabatic spin
torque parameter, β, and it is similar to the β = α case in
the biaxial nanowire. Any small current density can drive
the sustained DW motion along the uniaxial wire even at
β = 0 case due to the absence of the intrinsic anisotropy
pinning, which results in a critical current density thresh-
old at β = 0 in the biaxial nanowire. Moreover, by using
the simple quasi-1D model, we have discussed the mo-
tion of a rigid DW being subject to (adiabatic or nonadi-
abatic) spin torques in flat or cylindrical nanowires from
energetic and angular momentum viewpoints. Finally, we
have also proposed an experimental scheme to measure
the spin current polarization by combining both field and
current driven DW motion in usual flat nanowires.
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